Cosmological Bianchi-I type model in the (n + 1)-dimensional gravitational theory with several forms is considered. When electric non-composite brane ansatz is adopted the Wheeler-DeWitt (WDW) equation for the model, written in the conformallycovariant form, is analyzed. Under certain restrictions asymptotic solutions to WDW equation near the singularity are found which reduce the problem to the so-called quantum billiard on the (n − 1)-dimensional Lobachevsky space H n−1 . Two examples of quantum billiards are considered: 2-dimensional quantum billiard for 4-dimensional model with three 2-forms and 9-dimensional quantum billiard for D = 11 model with 120 4-forms which mimic M 2-brane solutions of D = 11 supergravity. For certain asymptotic solutions the vanishing of the wave function at the singularity is proved.
Introduction
In this paper we deal with the quantum billiard approach for multidimensional cosmologicaltype models defined on the manifold (u − , u + ) × R n , where n ≥ 3. In classical case the billiard approach was suggested by Chitre [1] for explanation the BLK-oscillations [2] in the Bianchi-IX model [3, 4] by using a simple triangle billiard in the Lobachevsky space H 2 . The billiard approach in dimension D = 4 in classical and quantum case was also considered in papers of A.A. Kirillov [5] .
In multidimensional case the billiard representation for cosmological model with multicomponent "perfect" fluid was introduced in [6, 7, 8] . In [8] the finiteness of the billiard volume was formulated in terms of the so-called illumination problem. The inequalities on Kasner parameters were written and the quantum billiard was also considered.
The billiard approach for multidimensional models with scalar fields and fields of forms was suggested in [9] , where inequalities on Kasner parameters were found. These inequalities played an important role in the proof of "chaotic" behavior in superstring-inspired (e.g. supergravitational) models [10, 11] .
Recently the quantum billiard approach for a multidimensional gravitational model with several forms was considered in [12, 13] . The asymptotic solutions to WDW equation presented in these papers are equivalent to those obtained earlier in [8] . In refs. [9, 12, 13 ] a semi-quantum approach was used, when gravity was quantum but the matter (e.g. fluids, forms) was considered as the classical one. It should be noted that a semi-quantum form of WDW equation for the model with fields of forms and scalar field was suggested earlier in [14] .
Here we use another form of the WDW equation with enlarged minisuperspace which include the form potentials Φ s [15] . We suggest another version of the quantum billiard approach by deducing asymptotic solutions to WDW equation which obey the master equation with anomaly term A < 0. We consider two examples of quantum billiards: triangle 2-dimensional Chitre's billiard for D = 4 model with three 2-forms and 9-dimensional billiard for D = 11 model with 120 4-forms which mimics M2-brane sector of D = 11 supergravity. For certain asymptotic solutions the vanishing of the wave function is proved.
The model
Here we consider the multidimensional gravitational model governed by the action
where
where S is some finite set of indices and S YGH is the standard York-Gibbons-Hawking boundary term [16, 17] .
In the models with one time and usual form fields all θ s > 0 when the signature of the metric is (−1, +1, . . . , +1). For this choice of the signature θ s < 0 corresponds to a phantom form field F s .
Ansatz for non-composite brane configurations
Let us consider the manifold
with the metric
For w = −1 and ε(i) = 1, i = 1, . . . , n, we deal with cosmological solutions while for w = 1, and ε(1) = −1, ε(j) = 1, j = 2, . . . , n, we get static solutions (e.g. wormholes etc).
Let Ω = Ω(n) be a set of all non-empty subsets of {1, . . . , n}. For any
For the fields of forms we consider the following non-composite electric ansatz
where Φ s = Φ s (u) is smooth function on R * and I s ∈ Ω, s ∈ S. Due to (2.4) we have
Sigma-model action
It was proved in [18] that the equations of motion for the model (2.1) with the fields from (2.3) and (2.4) are equivalent to equations of motion for the σ-model governed by the action
is truncated target space metric and co-vectors U s read
is an indicator of i belonging to I: δ iI = 1 for i ∈ I and δ iI = 0 otherwise; and
In what follows we will use the scalar product
is the matrix inverse to the matrix (G ij )
The scalar products of U-vectors (2.7) read [18] (
Action (2.5) may be also written in the form
where G is defined in (2.6) and
. In what follows we use the notation
The vector
Quantum billiard approach
In this section we develop a quantum analogue of the billiard approach which is understood as finding of certain asymptotic solutions to Wheeler-DeWitt (WDW) equation.
Restrictions.
First we outline two restrictions which will be used in derivation of the quantum billiard
for all s. The first restriction on the dimensions of the brane worldvolumes excludes domain walls. The second one is a necessary condition for the formation of infinite "wall" potential in certain limit (see below). Due to the first restriction we get
Wheeler-DeWitt equation
Let us fix the temporal gauge as follows
where f : M → R is a smooth function. Then we obtain the Lagrange system with the Lagrangian
(3.5) and the energy constraint
Using the standard prescriptions of (covariant and conformally covariant) quantization of the energy constraint, see [19, 20, 21, 15] and refs. therein, we are led to the Wheeler-DeWitt (WDW) equationĤ
is the wave function corresponding to the f -gauge (3.4) and satisfying the relation
In (3.7) we denote by ∆[G f ] and R[G f ] the Laplace-Beltrami operator and the scalar curvature corresponding to the metric
respectively. Let us put f = f (φ). Then we get
Here we are interested in a special class of asymptotical solutions to WDW-equation. The metrics G, G have pseudo-Euclidean signatures (−, +, ..., +) (the last one -due to (3.2)).
We put
In what follows we will use a diagonalization of φ-variables
We restrict the WDW equation to the lower light cone V − = {z = (z 0
where y 0 < 0 and y 2 < 1. We note that in these variables f = y 0 . Using the relation f ,i =Ḡ ij φ j , following from (3.14), we obtain
These relations may readily deduced from the following formulā
(with summation over r, s = 1, ..., n − 1 assumed). Here the metric h L is defined on the unit ball
is one of the realization of (n − 1)-dimensional analogue of the Lobachevsky space.
For the wave function we consider the following ansatz
where the pre-factor e C(φ) is chosen in order to cancel the terms linear in derivatives (Ψ * ,i ) arising in calculation of ∆[G f ]Ψ f . This takes place if we put
From (3.21) and (3.22) we get
Here we denote
Now we put 
3.3 Asymptotic behavior of the solutions for y 0
→ −∞
Here we deal with asymptotic solutions to WDW equation in the limit y 0 → −∞. Due to relations (3.26) and (3.27) this equation reads
It was shown in our paper on the classical billiard approach [9] that
as y 0 = f → −∞. In this relation V ∞ is the potential of infinite walls which are produced by branes:
Here we use the notation θ ∞ (x) = +∞ for x ≥ 0 and θ ∞ (x) = 0 for x < 0. The vectors v s , s ∈ S, belonging to R n−1 are defined by the formulae
where n-dimensional vectors u s = (u s0 , u s ) = (u sa ) are obtained from U s -vectors using a diagonalization matrix (S 
for all s. Here we use a diagonalization (3.15) from [9] obeying
for all s ∈ S. The inverse matrix (S 36) s ∈ S. The boundary ∂B is formed by parts of hyper-spheres with centers in v s and radii r s . The condition (3.34) is also obeyed for the diagonalization (3.35) with
where U-vector is time-like (U, U) < 0 (3.38)
for all s ∈ S. The inequalities (3.38) and (3.39) are satisfied identically if U = kU Λ , k > 0, see (2.15). Conditions (3.39) and hence (3.34) may be relaxed. In this case we obtain a more general prescription for the drawing of the billiard walls (e.g. for u s0 < 0 and u s0 = 0) described in [22] .
Thus, we are led to an asymptotic relation for the function Ψ 0,L (y 0 , y)
with y ∈ B and the zero boundary condition Ψ 0,L|∂B = 0 imposed. Due to (3.19) we get
By splitting the variables
we are led to the asymptotic relation (for y 0 → −∞)
equipped with the relations
Here we assume that the operator (−∆ L ) with the zero boundary condition imposed has a spectrum obeying
This is valid at least when the billiard B is (sub)compact and small enough. where B iω (z) = I iω (z), K iω (z) are modified Bessel functions and
In semi-quantum case (with quantum gravity and classical matter source) [8, 12, 13 ] the anomaly term is absent, i.e. A = 0.
Using asymptotical relations
for z → +∞, we get
for y 0 → −∞. Here C ± are nonzero constants and "+" corresponds to B = I and "-" -to B = K. Now we evaluate the pre-factor e C(φ) in (3.26), where
and
Now we use U = (U i ) as a time-like vector which defines z 0 in (3.37). Thus, we need to impose the restriction (U, U) < 0. Then, using (3.37), (3.16) and f = y 0 we obtain
Combining relations (3.26), (3.41), (3.49) and (3.52) we find
as y 0 → −∞ for fixed y ∈ B. Here C ± = 0 and
where "+" corresponds to the Bessel function B = I and "-" -to B = K. Relation (3.25) may be rewritten as
where we have used identity
following from the definition of U in (3.51). It should be noted that restrictions (U, U) < 0 and (U s , U s ) > 0, s ∈ S, imply A < 0. Now we study the asymptotical behaviour of the wave function (3.26)
with C(φ) from (3.52) and (U, U) < 0, A < 0.
as y 0 → −∞ for fixed y ∈ B and Φ s ∈ R, s ∈ S. This follows just from (3.54). Now we consider the case ii) B = I. First we put 
Examples
Here we consider two examples of quantum billiards in dimensions D = 11 and D = 4. In this section we deal with (n + 1)-dimensional cosmological metrics (2.3) with w = −1.
9-dimensional billiard in D = 11 model
Let us consider 11-dimensional gravitational model with several 4-forms, which gives noncomposite analogous of M-brane solutions in D = 11 supergravity [23] . The action reads as follows
Here F I 4 is 4-form with the index I ∈ S, where here S is the set of all subsets with three elements:
The number of elements in S is 120.
The action (4.1) with L from (4.2) mimics non-composite SM2-brane solutions which are given by the metric (2.3) with w = −1, n = 10 and
3)
We consider the non-trivial case when all charge densities of branes Q I , I ∈ S, are nonzero. In the classical case we get a 9-dimensional billiard B ∈ H 9 with 120 "electric" walls. This billiard was found in [10] . It has a finite volume.
The minus Laplace-Beltrami operator (−∆ L ) on B with zero boundary conditions has a spectrum obeying restriction (3.44) with n = 10 [13] .
Let us us calculate (U, U), where U = s∈S U s . We get U i = I∈S δ iI where δ iI is defined in (2.8). Thus, U i is the number of sets I ∈ S which contain the point i. It is obvious that U i = C 2 9 = 36. Thus, U = 36U
Λ and hence we may use the z-variables from [8, 9] .
We get (see (2.11))
in agreement with our restriction (3.38). Since N = 130 (m = 120) and all (U s , U s ) = 2 we obtain from (3.56) the following value for the anomaly number
In this case the inequality (3.60) is satisfied and hence we get from the previous analysis that the wave function Ψ f → 0 is asymptotically vanishing as y 0 → −∞.
2-dimensional billiard in D = 4 model
Let us consider the 4-dimensional gravitational model with three 2-forms which gives the two-dimensional Chitre's billiard. The action reads
Here F i 2 is a 2-form, i = 1, 2, 3. By using the ansatz
, with non-zero charges Q i and the metric (2.3) with w = −1, n = 3, we are led to the Chitre's triangle billiard (see [9] ) which has a finite volume . The energy restriction (3.44) is also obeyed in this case [13] . The calculations give us (U s , U s ) = According to the analysis which was performed above we get the asymptotic vanishing of the wave function: Ψ f → 0 as y 0 → −∞, when either i) B = K, or ii) B = I and y = 0 (see (3.61)).
Conclusions
Here we have considered the quantum billiard approach for the cosmological-type model with n one-dimensional factor-spaces in the theory with several forms. When electric noncomposite brane ansatz was adopted and certain restrictions on parameters of the model were imposed the Wheeler-DeWitt (WDW) equation for the model, written in conformallycovariant form, was analyzed.
We have imposed certain restrictions on parameters of the model and have obtained asymptotic solutions to WDW equation. These solutions are of quantum billiard form since they are governed by the spectrum of the Lapalace-Beltrami operator on the billiard with the zero boundary condition imposed. The billiard belongs to the (n − 1)-dimensional Lobachevsky space H n−1 . We have presented two examples of quantum billiards : (a) the quantum d = 2 billiard in D = 4 gravitational model with three 2-forms and (b) the quantum d = 9 billiard for D = 11 gravitational model with 120 4-forms which mimics the quantum billiard with M2-branes in D = 11 supergravity. We have shown the asymptotic vanishing of the wave function: Ψ f → 0, in the case (b) for all basis solutions and in the case (a) for the Bessel function B = K and for B = I when y = 0.
